We discuss the change of the Kondo effect in the Josephson junction formed by the indirect coupling between a one-dimensional DIII -class topological and s-wave superconductors via a quantum dot. By performing the Schrieffer-Wolff transformation, we find that the single-electron occupation in the quantum dot induces various correlation modes, such as the Kondo and singlet-triplet correlations between the quantum dot and the s-wave superconductor and the spin exchange correlation between the dot and Majorana doublet. Moreover, it plays a nontrivial role in modifying the Josephson effect, leading to the occurrence of anisotropic and high-order Kondo correlation. In addition, due to the quantum dot in the Kondo regime, extra spin exchange correlations contribute to the Josephson effect as well. Nevertheless, if the DIII -class topological superconductor degenerates into D-class because of the destruction of time-reversal invariance, all such terms will disappear completely. We believe that this work shows the fundamental difference between the D-and DIII -class topological superconductors.
I. INTRODUCTION
Observation of the Kondo effect in semiconducting quantum dots (QDs) has opened a new area of research about the quantum transport through nanoscale and mesoscale systems. 1 Since QDs have advantages to couple and then form QD molecules, the Kondo effect in multi-QD systems exhibits various forms. For instance, the spin and orbital Kondo effects, two-stage Kondo effect, and Kondo-Fano effect have been observed, which induce abundant transport behaviors. 2 In addition, the Kondo effect plays a special role in affecting the Andreev reflection in the systems with superconducting leads. In one Josephson junction with an embedded QD, the interplay between the Kondo and Josephson effects can efficiently drive the Josephson phase transition. 3, 4 Namely, if the Kondo temperature T K is much greater than the superconducting gap ∆ s , the Kondo screening will dominate the system and the Josephson current will be at its 0 phase. Instead, if T K ≪ ∆ s , the ground state is a BCS-like singlet state, so the π-junction behavior occurs.
In recent years, topological superconductor (TS) has become one main concern in the field of mesoscopic physics because Majorana modes appear at the ends of the one-dimensional TS which are of potential application in topological quantum computation. [5] [6] [7] Owning to the presence of Majorana zero mode, fractional Josephson effect comes into being, manifested as the 4π-periodic oscillation and parity-related direction of the supercurrent. As a typical case, in the DIII -class TS, which is time reversal invariant, Majorana mode appears in pairs due to Kramers's theorem. [14] [15] [16] [17] [18] Hence at each end of the DIII -class TS nanowire there will exist one Majorana doublet. [19] [20] [21] [22] [23] Since the Majorana doublet is protected by the time-reversal symmetry, the period of its driving Josephson current becomes related to the fermion parity of the DIII -class TS junction. 24 What's more interesting is that in the junction formed by the coupling between the DIII -class TS and s-wave superconductor, Josephson effect presents apparent time-reversal anomaly phenomenon. 25 In view of the special property of the DIII -class TS, we anticipate that in the its-existing Josephson junction, the Kondo effect can arouse new physics results. With such an idea, in this work we aim to investigate the new feature of the Kondo effect in a hybrid Josephson junction, i.e., the junction formed by the indirect coupling between a DIII -class TS and s-wave superconductor via one QD. Our investigation shows that the single-electron occupation in the QD induces multiple correlation modes, including the Kondo and singlet-triplet correlations between the QD and the s-wave superconductor and spin correlation between the QD and Majorana doublet. Besides, the Kondo QD modifies the Andreev reflection between the superconductors, leading to the occurrence of anisotropic and high-order Kondo correlation and extra spin exchange correlations which contribute to the Josephson effect.
The rest of the paper is organized as follows. In Sec. II, the model Hamiltonian to describe electron behavior in the hybrid junction is introduced first. Then its low-energy effective form is derived. Then, different correlation modes in this structure are presented. In Sec. III, the Schrieffer-Wolff transformation is carried out. In Sec. IV, the Josephson-Kondo effect is discussed. Finally, the main results are summarized in Sec. V. 
II. THEORETICAL MODEL
The considered Josephson junction is illustrated in Fig.1(a) , where a one-dimensional DIII -class TS couples to one s-wave superconductor via one QD. The system Hamiltonian can be written as H = H p +H s +H D +H T . The first two terms denote the Hamiltonians of the DIII -class TS and s-wave superconductor, which can be expressed as
. It is readily found that H 0 is the diagonalized Hamiltonian including the QD and s-wave superconductor, whereas H T describes the hopping between the QD and superconductors. In order to perform the Schrieffer-Wolff canonical transformation, we need to project the Hilbert space of this junction into two sectors, namely, a low energy subspace and a high energy subspace, with projection operators P L = |L L| and P H = |H H| = 1 − P L . Following the definition of projection operators, the total Hamiltonian can therefore be divided into the diagonal and off-diagonal parts
Next, via a canonical transformation, H can be rotated into a block-diagonal form, i.e., e
H. According to the Baker-Campbell-Hausdorff formula, the transformed HamiltonianH can be expanded into seriesH
We choose the generator S of the canonical transformation such that [S, H 0 ] = −H T , hence the off-diagonal part H T is eliminated in lowest-order term. And then,
This result indicates that the tunneling processes can be described by second(and higher)-order terms. Within the low-order approximation, the effective Hamiltonian shows the form asH = H 0 + ∆H with ∆H = 1 2 [S, H T ]. It should be understood that ∆H contributes to the occurrence of the Kondo effect. In what follows, we aim to solve the analytical form of ∆H by deriving the generator S. S should be one anti-hermitian generator obeying the relationship that −S = S † , it can thus be written into the matrix form
For a single-level QD, it possesses four electron states, i.e., |0 , |n σ , and |n ↑ n ↓ . It is suitable to introduce a set of projection operators in terms of occupation configuration on the QD, which are P 0 = (1−n ↑ )(1−n ↓ ), P 1 = n ↑ (1 − n ↓ ) + n ↓ (1 − n ↑ ), and P 2 = n ↑ n ↓ . In the case of ε d < 0 and ε d + U > 0, the Kondo effect have an opportunity to come into being. In such a case, the ground state of the Anderson-typed system is a local moment |1 = |n σ configuration, whereas the high-energy intermediate states corresponds to |0 and |n ↑ n ↓ . As a result, the projector into the low(high) energy subspace is P L = P 1 (P H = P 0 + P 2 ). In view of the expression of H T , one can find that three kinds of coupling manners occur between the QD and superconductors, i.e., H
T is traditional mixing term between the conduction quasielectrons and d-electrons. It shows that when a conduction electron or hole is excited into the localized d-state to create these excited state configurations, the corresponding excitation state is either a state with one conduction quasi-electron with its energy E k , or a state with two d-electrons and one conduction quasi-hole. In these two processes, the excitation energies are ∆E 10 = E k − ε d and ∆E 12 = ε d + U − E k , respectively. Accordingly, S I can be given by
H II T describes the scattering process between d-electrons and conduction quasiholes and vice versa. In this processes, the virtual excitation energies are ∆E 01 = −E k − ε d and ∆E 12 = ε d + U + E k , and then S II can be written as
Next, H
III T
results from the mixing between Majorana zero mode and the QD. It contributes to the virtual excitation energies ∆E 01 = −ε d and ∆E 12 = ε d + U . Consequently, S III can be expressed as
Up to now, the generator of the Schrieffer-Wolff transformation in such a hybrid structure has been solved, i.e.,
It is readily verified that S obeys the necessary conditions S † = −S and [S, H 0 ] + H T = 0. Following the expression of S, the analytical form of ∆H can be derived using the relation of ∆H = 1 2 [S, H T ]. Note that since the Kondo effect occurs under the condition of ε d < 0 and ε d + U > 0, it is necessary to calculate ∆H LL , which is given by
H21, (14) due to P L = P 1 and P H = P 0 + P 2 . According to the result in Eq. (13), we can readily obtain the detailed form of each quantity in this equation. To be specific,
Substituting these quantities in Eq. (14), we can readily find that each term of ∆H LL consists of four parts. To be concrete, the four parts of its first term are (I) :
Correspondingly, the four parts of the second term of ∆H LL are given by (I) :
Here the following relations have been used, namely,
. In Eqs. (15)- (16), we can find that the first parts of them exactly yield the normal Kondo correlation between the QD and the s-wave superconductor. By defining the spin density operator S =
these two parts can be systemized as
where
. It is clearly shown that ∆H LL,1 reflects the normal spin correlation between the localized state in the QD and the continuum states in the s-wave superconductor. In the case of negative spin-correlation parameter, the two quantum states will correlate with each other in the antiferromagnetic manner, as a result, the Kondo effect will come into being.
The second parts in Eqs. (15)- (16) describe the singlet-triplet correlations. Their contributions to ∆H LL are
in which ∆
). The first term in this equation shows the correlation between the localized state in the QD and the Cooper pair in the s-wave superconductor. In the second term, it suggests that the correlation between the localized state in the QD and the Cooper pairs in the s-wave superconductor has an opportunity to break up the Cooper pairs and reconstruct the correlation between the localized state and new spin-conserved Cooper pairs. Both ∆H LL,1 and ∆H LL,2 originate from the coupling between the QD and s-wave superconductor, and they have been observed by Salomaa.
26
Next, the third parts in Eqs. (15)- (16) 
Relevant parameters here are respectively given by
with η ↑↓ = e iθ/2 and η ↓↑ = −e −iθ/2 . It clearly shows that due to the presence of the Kondo QD, the Josephson effect becomes relatively complicated. The first term, i.e., H J K , exactly describes the JosephsonKondo effect. It can be explained as the Kondo correlation between the localized state and the continuum Andreev reflection states. H cross denotes additional spin-exchange correlation. After a further analysis, one can find that this term contributes little to the Josephson effect because it only contains the correlations between σ z and S α (σ α and S z ) (α = x, y). As for H T , it exactly reflects the screening of the Kondo effect induced by Joesphson effect.
The last terms in Eqs. (15)- (16) represent the correlation between the QD and Majorana doublet. Via a straightforward derivation, we can simplify them to be ∆H LL, 4 
. It seems that ∆H LL,4 describes the Kondo-typed correlation between the QD and Majorana doublet. However, since Majorana doublet are bound states, such a correlation can only be considered to be the normal spin exchange correlation. One can also find that this kind of correlation is very weak and it disappears at the position of electron-hole symmetry. In addition, note that due to the special anti-commutation relation between the Majorana operators, such a correlation is anisotropic. Up to now we have clarified the complicated correlation properties in the case of one Kondo dot embedded in a hybrid junction with the DIII-class TS and s-wave superconductor.
Based on the above deduction process, it can be clearly found that when the DIII -class TS degrades into D -class, both ∆H LL,3 and ∆H LL,4 will disappear completely. This can be viewed as the essential difference between the two kinds of TSs.
Next, we would like to describe the physics picture of the JosephsonKondo effect by defining the Green function
The reason is that G (n) s,ηη ′ (kτ, k ′ τ ′ ) reflects respective-order scattering processes which can be described by the Feynman diagrams after the Wick contraction. It is easy to find that the first-order scattering process is zero because the Wick contraction contains α † ks γ 0s ′ 0 and γ 0s α ks ′ 0 . Therefore, G (2) s,ηη ′ (kτ, k ′ τ ′ ) makes the leading contribution to the Josephson-Kondo physics with
With the help of Wick theorem, we plot the connected Feynman diagrams which reflect the second-order scattering process in Fig.2 . Here the solid, dashed, and dotted lines correspond to the free propagators
M,σσ ′ (ω l ), respectively. In comparison with these two diagrams, one can be sure that the scattering process involved in the first one contribute dominantly to the Josephson-Kondo effect.
In the following, we concentrate on the calculation about the contribution of the first Feynman diagram in Fig.2 to the Josephson-Kondo effect. It should be noted that the calculation about the contribution of the Feynman diagram is to evaluate its-induced self-energy. According to the Dyson series in random-phaseapproximation theory, the total particle-particle interactional vertex can be given by
where Γ
i , accompanied by its illustration in Fig.3 . Next, suppose
we can reexpress the above Dyson equation, i.e., in which
Related deduction process can be referred in Appendix A. Substitute Eq. (22) into Eq. (23), we get the following result
,
. Although four variables exist in these two equations, by summing up
we can solve these equations and figure out ̥ 0 , i.e.,
According to this result, the expression of ̥ . With the help of the above discussion results, the conductance quasiparticle irreducible self-energy can be calculated by using fluctuation-dissipation theorem. As a consequence, it obeys the following equation
in which Γ δ s1s2 = s ′
After the Matsubara-frequency summation on ω m (ω m = 2πm/β and m ∈ Z), 27 the relaxation time that resembles the Josephson tunneling conductance can be estimated, since it is related to the imaginary part of self-energy Σ with τ F (θ) ∼ −ImΣ(ω + i0 + )| ω=0 .
V. SUMMARY
In summary, we have presented the discussion about the spin-correlation effect in the QD-embedded Josephson junction formed by the indirect coupling between one DIII -class TS and s-wave superconductors. By carrying out the Schrieffer-Wolff transformation, we have found that the DIII -class TS contributes additional anisotropic spin correlations to the modification of Kondo physics, which are related to the Josephson phase difference between the superconductors. These special spin correlations originate from the continuous Andreev reflection between the superconductors provides a new continuum states for such a kind of spin correlation. What's notable is that if the time-reversal invariance in the TS is broken, such terms will disappear. These results reflect the fundamental difference between the Majorana bound states in the D -and DIII -class TSs. As a typical case, the Josephson-Kondo effect has been analyzed with the perturbation method, and relevant parameters have been calculated. We believe that this work is helpful for understanding the Kondo effect in the system with DIII -class TS.
Appendix B
The pair-bubble diagram corresponds to the Matsubara-frequency summation, and it can be calculated as follows
By performing the analytical continuation, they can be transformed into 
due to ρ(E) = νEΘ(|E|−|∆|)
and ν = sgn(E + |∆|). In this derivation process, we set ε d to zero in order to eliminate those non-physical states in pseudofermion representation.
